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Abstract 



The main scope of this article is to define the concept of principal eigen- 
value for fully non linear second order operators in bounded domains that are 
elliptic, homogenous with lower order terms. In particular we prove maxi- 
mum and comparison principle, Holder and Lipschitz regularity. This leads 
to the existence of a first eigenvalue and eigenfunction and to the existence of 
solutions of Dirichlet problems within this class of operators. 

1 Introduction 

In 0, inspired by the acclaimed work of Berestycki, Nirenberg and Varadhan [S], we 
extended the definition of principal eigenvalue to Dirichlet problems for fuUy-non 
linear second order elliptic operators. 

Precisely, given a bounded domain f2, given a > — 1 we defined the "principal 
eigenvalue" for F{Vu, D^u) satisfying: 

(HI) F{tp,fj.X) = \t\°'^F{p,X), \/t e H*, ^ e ]R+ 

(H2) a|p|"triV < F{p, M + N) - F{p, M) < A|p|"trA^ for < a < A, a > -1 and 
N >0. 

Indeed we showed that 

A = sup{A G H, 3 (j)>OmTl, F{V(t>, D'^cj)) + \(t)"+^ < in the viscosity sense } 

is well defined and it satisfies the following properties: 

(I) There exists 4> a continuous positive viscosity solution of 




in Q 
on dfl. 



(IT) Furthermore, suppose that A < A. If f < is bounded and continuous in Q, 
then there exists u non-negative, viscosity solution of 

( F{Vu,D^u) + Xu°'+^ ^ f inn 

\ u = ondfl. ' 

If moreover f is negative in Q, the solution is unique. 
Hence A was denoted principal eigenvalue of —F in fl. 

In the case a = 0, and for F a linear uniformly elliptic second order operator, 
these results are included in when F is one of the Pucci operators the problem 
has been treated by Quaas and Busca, Esteban and Quaas |^ . Their papers give 
a more complete description of the spectrum and also treat bifurcation problems. 
In |S] and in this note the situation is complicated by the fact that there are no 
known results about the regularity of the solution, or the existence of the solution, 
even without the zero order term. 

Clearly the operator F can be seen as a non-variational extension of the p- 
Laplacian: Ap = div(|V.|P^^V.) with a = p — 2. 

The scope of this article is to complete the results of 3^; indeed we consider 
operators that depend explicitly on x, we include lower order terms, moreover we 
define A in a more suitable way i.e. without requiring that super-solutions are pos- 
itive up to the boundary. Precisely we shall study existence of solutions, eigenvalue 
problems and regularity of the solutions for operators of the following type: 

G{x,u,Vu,D^u) := F{x,Vu, D^u) + b{x).Vu\Vu\'' + c{x)\u\°'u 

where F satisfies assumptions as in ^ i.e. the above assumption (HI) and (H2), plus 
some continuity with respect to the x variable. See e.g. \W\ for similar conditions. 
Because of the new setting the proofs differ in nature from |S] . 

The hypothesis on b and c are quite standard and they will be described in the 
next section. 

As mention above we define A in a more "correct" way i.e. : 
A := sup{A e IR, 3 > in il, G{x, cj), V(j), D'^ (j))+X(j)°''^'^ < in the viscosity sense }. 

The main aim of this paper is to prove the two following existence results: 
Suppose that / < 0, bounded and continuous, that A < A, then there exists a non- 
negative solution of 

( G{x,u,\/u,D^u) + \u^+" = f inn, 
y u = on dfl. 

Furthermore there exists (j) > in such that (j) is a viscosity solution of 

( G{x,(l),V(j),D^(l)) + \(j}^+" = Q inn 
\ </> = ondn. 

(j) is j-Holder continuous for all 7 g]0, 1[ and locally Lipschitz. 

Let us mention that it is possible to define another "eigenvalue" : Indeed let 
A = sup{/i, 3 (f) < in n, G{x, (j), Vcj), D^cj)) -\- > in the viscosity sense}. 
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lfG{x,u,p,X) = -F{x,p,-X)^b{x)-p\p\'^+c{x)\u\'^uiheii\^ \(G). Furthermore 
if F satisfies (H2) then so does F_{x,PtX) = —F{x,p, —X). Hence it is possible to 
prove for A the same results than for A. It is important to remark that in general 
G^G and hence A can be different from A. 

While we were completing this paper, we received a very interesting preprint of 
Ishii and Yoshimura | 18| where similar results are obtained in the case a = 0. Let 
us mention that they call the eigenvalue a demi-eigenvalue as in the paper of P.L. 
Lions 1^ , and they characterize it as the supremum of those A S IR for which there 
is a viscosity supersolution u G C{n) of F[u] — Xu + 1 in ft which satisfies u > in 
n. " (their F is our -G). 

In the next section we state precisely the conditions on G and the definition 
of viscosity solution in this setting. In section 3 we prove a comparison principle 
and some boundary estimates that allow to prove that for A < A the maximum 
principle holds. This will be done in the fourth section, where we also provide 
some estimates on A and a further comparison principle when A < A. In section 5, 
using Ishii-Lions technique we prove regularity results, these in particular give the 
required relative compactness for the sequence of solutions that are used to prove 
the main existence's results in the last section. 

2 Main assumptions and definitions. 

In this section, we state the assumptions on the operators 

G(x, u, Vu, D^u) = F{x, Vu, D^u) + 6(a;).Vw| Vw|" + c{x)\u\°'u 

treated in this note and the notion of viscosity solution. 

The operator F is continuous on x (M^)* x S, where S denotes the space 
of symmetric matrices on IR''^ . 

The following hypothesis will be considered 

(HI) F : nxJR^\{0}xS R, andVt £ H*, /i > 0, F{x,tp,nX) = \t\°'fiF{x,p,X). 
(H2) For X en, pe ]R^\{0}, M e 5, iV > 

a\p\"tr{N) < F{x,p,M + N) -F{x,p,M) < A\p\"tr{N). (2) 

(H3) There exists a continuous function lu, uj{0) — such that for all x,y, p ^ 0, 

yxes 

\F{x,p,X) ~ F{y,p,X)\ < Qi\x - v\)W\X\. 

(H4) There exists a continuous function lo with cl'(O) = 0, such that if (X, F) S S"^ 
and C £ H satisfy 

and / is the identity matrix in H^, then for all {x,y) G H^, x ^ y 
Fix, C(x - y),p, X) - F{y, - y),p, -Y) < uj{C\x - yp). 
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The condition (H2), usually called uniformly elliptic condition, will be in some 
cases replaced by the much weaker condition 

(H2') for allxen,pe ]R^\0, M eS, N >0, 

F{x,p,N + M) > F{x,p,M). 

Remark 1 The assumption (H2) and the fact that F{x,p,0) = implies that 

|p|"(atr(Af+) - AtT{Ar)) < F{x,p,M) < |p|"(Atr(M+) - atr(M")) 

where M = A/+ — is a minimal decomposition of M into positive and negative 
symmetric matrices. 

We now assume conditions for the lower order terms i.e. we shall suppose that 
6 : f2 I— > IR''^ and c : i-^ IR are continuous and bounded. 

We shall sometimes require (for example for the comparison and the maximum 
principle) that b satisfies: 

(H5) -Either a < and b is Holderian of exponent 1 + a, 
- or a > and, for all x and y, 

{b{x)~b{y),x-y) < 

Let us recall what we mean by viscosity solutions, adapted to our context. 
It is well known that in dealing with viscosity respectively sub and super solu- 
tions one works with 

u*{x) — limsup u{y) 
y,\y-x\<r 

and 

= liminf u{y). 

It is easy to see that u^, < u < u* and u* is upper semicontinuous (USC) is lower 
semicontinuous (LSC). See e.g. [miTC] . 

Definition 1 Let be a bounded domain in M^, then v, bounded on fl is called a 
viscosity super solution of G{x,\^u, D'^u) = g{x,u) if for all xq G fl, 

-Either there exists an open ball B{xo, 5), S > in on which v = cte — c and 
3(2;, c), for all X £ B{xo, S) 

-Or\fip £ C^(r2), such that Vi, ^ ip has a local minimum on Xq and 'V(p{xo) 0, 
one has 

g{xo, V(p{xo),D'^(p{xo)) < g{xa,v^{xa)). (3) 
Of course u is a viscosity sub solution if for all xq G fl, 

-Either there exists a ball B{xq, 5), 5 > Q on which u = cte = c and > g{x, c), 
for all X G B{xq, 5) 

-Or yip G C^(ri), such that u* ~ ip has a local maximum on xq and 'Vip{xo) 0, 
one has 

g{xo, V(^(a;o), D^ip{xo)) > gixo, u*{xo)). (4) 

A viscosity solution is a function which is both a super-solution and a sub- 
solution. 
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In particular wc shall use this definition with Q{x,p, X) — F{x,p, X)+b{x)-p\p\°' . 
See e.g. |10) for similar definition of viscosity solution for equations with singular 
operators. 

For convenience we recall the definition of semi-jets given e.g. in 

= {{p,X) eM^ X S, u{x) <u{x) + {p,x - x) + 
+ ^{X{x -x),x-x)+ o{\x - ip)} 

and 

j'^-u{x) = {{p, X) eTR^ X S, u{x) > uix) + {p,x-x) + 
+ ^{X{x -x),x-x)+ o{\x - 

In the definition of viscosity solutions the test functions can be substituted by the 
elements of the semi-jets in the sense that in the definition above one can restrict 
to the functions defined by (f>{x) = u{x) -\- {p^x — x) + \{X{x — x.)^x — x) with 
{PtX) e J^'~u{x) when u is a super solution and {p,X) e J^'^u{x) when m is a 
sub solution. 

Remark 2 In all the paper we shall consider that is a bounded domain. In 
particular we shall use several times the fact that this implies that the distance to 
the boundary: 

d{x, dft) := d{x) := inf{|a; — y\, y G 
satisfies the following properties: 

1. d is Lipschitz continuous 

2. There exists S > such that in ilg = {x ^ Q, such that d{x) < S}, d is C^'^. 

3. d is semi-concave, i.e. there exists Ci > such that d{x) — Ci\x\'^ is concave 
and then J^'+d(a;) 7^ 0. 

4. If J^'^d{x) ^9, d is differentiable at x and \'Vd(x)\ = 1. 

3 A comparison principle and some boundary es- 
timates. 

We start by establishing a comparison result which is a sort of extension of the 
comparison Theorem 2.1 in 

Theorem 1 Suppose that F satisfies (HI), (H2'), and (H^), that b is continuous 
and bounded and b satisfies (-ff5). Let f and g be respectively upper and lower semi 
continuous. 
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Suppose that (3 is some continuous function on IR"*" such that f3(0) = 0. Sup- 
pose that (j) > in n lower semicontinuous and a upper semicontinous, satisfy, 
respectively, in the viscosity sense, 

F{x, D'^(j)) + b{x).V(j)\V(l)\" ~ (3{(j)) < f 

F{x, Vct, DV) + 6(x).Vcr| Vcr|" - /3(ct) > g. 

Suppose that /3 is increasing on ]R+ and f < g, or (3 is nondecreasing and f < g. 
If ^ (f' on dil, then a < (j) in fl. 

Before starting the proof, for convenience of the reader, let us recall the following 
lemmata proved in 4 , the first one being an extension of Ishii's acclaimed result. 

Lemma 1 Let fl be a bounded open set in TR^ , which is piecewise . Let u upper 
semi-continous in Q,, v lower semicontinous in fl, {xj,yj) € fi^, Xj yj , and 
g>sup{2,^}. 

We assume that the function 

j 

'i{jjix,y) = u{x) - v{y) - - \x - y\'' 

has a local maximum on {xj,yj), with Xj ^ yj. Then, there are Xj, Yj G 5^ such 
that 

3{\xo - VjV'^{xj - yo),Xj) e J^'+uix,) 

and 
where 

k,=2^~\{q-l)\x,-y,\''-\ 

Lemma 2 Under the previous assumptions on F , let v be a lower semicontinuous, 
viscosity supersolution of 

Fix, Vv, D^v{x)) + b{x).Wv\yv\°' - (3{v{x)) < f{x) 

for some functions (/, (3) upper semi continuous in f2. Suppose that x is some point 
in r2 such that 

v[x) + C\x - x\'' > v{x), 

where x is a strict local minimum of the left hand side and v is not locally constant 
around x. Then, 

-f3iv{x)) < fix). 

Remark: This Lemma was stated and proved for continuous super solutions in 
The proof is similar but it is adjusted to lower semi continuous super solutions and 
is given here for the convenience of the reader. 

Proof Without loss of generality we can suppose that a; = 0. 

Since the infimum is strict, for e > 0, there exists N such that for any n > N 
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inf (u(.t) + Clxli) > m„ > z;(0) + e 

^<\x\<R 

We take in the following also A'' large enough in order that 

1 V 

n) ^^^/^ 

and such that C{diamVl + l)"^"^-^ < e/4. 

Since v is not locally contant for any n , there exists (in,z„) in i?(0, i)^ such 
that 

V{tn) >v{Zn) + C\Zn-tn\'^ 



We consider 



inf vix) + C\x - tJ'' . 

\x\<R 



Wc prove in what follows that the infimum is achieved in B(Q,^) and that it is not 
achieved on 

Let us observe indeed 

inf v{x)+C\x-tn\'^ KviQ^ + e/A 

and since 

inf v{x) + C\X - t„|« < v{Zn) + C\Zn - tn\'^ < v{tn) 

the infimum on |a;| < 1/n cannot be achieved on 
Moreover 

inf {v{x) + C\x - tn^^) > inf (t;(a;) + C|x|« + C|a; - - C|a;|«) 

> m„- Cq\tn\\x - ^t„|«"^ >m„- C{diamfl + 

> rUn- e/4 > v{0) + ^ 

Since the infimum cannot be achieved on let < i be a point such 

that the infimum is achieved on y„, then 

V{X) + C\X - tnl" > V{yn) + C\yn - tnl" 

and then 

(p{x) = Vijjn) + C\yn - tn\'' - C\x - t„\'' 

is a test function for v on j/„ with a gradient 7^ on that point. Since w is a 
supersolution one gets 

-AC"+'\yn - t„|<'(«+i)-«-2 - p{v{yn)) < f{yn) 

Let us observe that v{yn) v{0). Indeed one has by the lower semicontinuity 
of V 

v{0) < liminf 
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and using 

i;(0) + C|t„|« >w(y„) + C|y„-t„|« 

one has the reverse inequality. 

Then by the uppersemicontinuity of / and (3 one gets that 

which is the desired conclusion. 

Proof of Theorem ^ 

Suppose by contradiction that max (cr — 0) > in f2. Since cr < ^ on the 
boundary, the supremum can only be achieved inside SI. 
Let us consider for j G N and for some q > max(2, ^ij^f ) 

j 

il)j{x,y) = a{x) - (j){y) - -\x - y]'. 
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Suppose that {xj,yj) is a maximum for 'ipj- Then 

(i) from the boundedness of a and ip one deduces that \xj — yj \ — > as j — > oo. 
Thus up to subsequence (xj, yj) (x,x) 

(ii) One has liminf ipjixj^yj) > sup(cr — <p); 

(iii) lim sup V'j (a;j , j/j ) < \hnsupa{xj) — (l){yj) — o-{x) — <j){x) 

(iv) Thus j\xj — yjl^ ^ as J +oo and a; is a maximum point for a — (j). 

Claim: For j large enough, there exist Xj and yj such that (xj,yj) is a maxi- 
mum pair for ipj and Xj ^ yj . 

Indeed suppose that Xj ~ yj. Then one would have 



i;j{xj,Xj) = a{xj) - (pixj) 

> a{xj)-(t>{y)--\x^-y\''; 

q 

iPj{xj,Xj) = a{x.j) ~ (pixj) 



> a{x) ~ (j){xj) \x — Xj\'^] 



and then Xj would be a local maximum for 

$:=0(2/) + ^|xj-yr. 
q 

and similarly a local minimum for 

S crfa;) — -\xj — xY^ . 
q 

We first exclude that Xj is both a strict local maximum and a strict local mini- 
mum. Indeed in that case, by Lemma |21 

< fix,) 
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-(3{a{xj)) > g[xj) 
This is a contradiction because either /3 is increasing 

-gixj) > P{<j{xj)) > f3{(l>{x,) > -f{xj) > -g{xj) 

or 

-gixj) > > Pi^ix,)) > -fix,) > -g{xj). 

Hence Xj cannot be both a strict minimum for $ and a strict maximum for S. In 
the first case there exist (5 > and R > S such that B{xj, R) C and 

(t>(xj) — inf {(hix) + -\x — Xjl'^}. 

S<\x-Xj\<R q 

Then if yj is a point on which the minimum above is achieved, one has 

and {xj, Hj) is still a maximum point for since for all {x, y) S fl^ 

j j 

a{xj) - (j){yj) - --\xj - yjl'' = a{xj) - (j){xj) > a{x) ~ (f>{y) - --\x ~ y\^ . 

This concludes the Claim. In the other case, similarly, one can replace Xj by a point 
yj near Xj with 

and (t/j, Xj) is still a maximum point for t/j^. 

We can now conclude. By Lemma ^ there exist Xj and Yj such that 

and 

We can use the fact that a and are respectively sub and super solution to obtain: 

g{yi) < F{yj,j\xj - yjl'^^^iyj - Xj), -Y,) + 

+ biy,).j'+'^\x, - y/'^-'^^'+'^^-\y, X,) my,)) 

< F{xj , j I Xj - y-j I {xj ~y.j), Xj ) + 

+ C{j\x, - +^0>, - + 1) - /3(0(y,)) 

< .f{x,) + C0>, - y.f + uj{j\x, - %f + i) + /3(a(x,)) - /3(0fe)). 
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Passing to the limit and using the fact that g and / are respectively lower and 
upper semi continuous and (3 is continuous, we obtain 



9{x) < f{x) + fi{a{x)) - (3{(^{x)) 



which contradicts our hypotheses in all cases and cr < in fi. This ends the proof. 

As an application of the comparison theorem we will state bounds for sub and 
super solutions near the boundary. The conclusions given in Proposition ^ a-nd 
Corollary 121 will be used in the proof of the maximum principle Theorem |31 

Proposition 1 Suppose that F satisfies (HI) and (H2), and that b is bounded. 
Let u be uppers emicontinuous subsolution of 



for some constant m > 0. Then there exists S > and some constant C3 that 
depends only on the structural data such that 

u{x) < C^dix, dfl) 

if the distance to the boundary d{x, dQ) < 6. 

Proof Let d{x) = d{x,dft). First let us observe that one can assume that there 
exists do such that fld^ — {x fl such that d{x) < do} the supremum of u is 
positive because otherwise there is nothing to prove. 

We recall that is a bounded domain and using the properties of the distance 
function stated in Rcmark[5]wc know that D^d < Cild for some constant Ci that 
depends on fl. Let fls — {x fl; d{x) < 6}. Suppose that S < ^Ci{A+a)N+\b \ — J- 
For some constants 7 and C2 that will be chosen later we introduce 




u) + 6(a;).Vu|Vii|" > -m in Q 

on dft 



^(x) =7log(l + C2d(x)). 



We use the inequalities 



tr{D'^ilj)+ < 



l + C2d 



and 



tr{D'^xl))- > 



7CI iC^C^N 



(1 + C2d)2 1 + C2d 



Then choosing C2 > 4 



Ci{A+a)N+\b\ 



, one has 



a 



F{x, Vip, Z^V) + 6(a;).V?M VV' 



a 




+ Ci{A + a)N +\b\ 



00 



Now we choose 7 sufficiently large that 7 > sup^^ d{x)<s] ^ix) and 
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i.e. 

7 = max^ ( — I — — 1 , supuj^:, rf(^)<5} 

With this choice of constants we have obtained that 

F{x, VtP, D'^iP) + 6(x).VV'| VV-r 



a 



Co 



a+2 



2' \l + C25 

« a+l / 



< 1 

< -2m 

and furthermore u < -0 on d^s. 

, xQ+2 

Hence by Theorem ^ with / = — 17"+^ ( TTc^j ' ~ ~™ obtain 
u(a;) < 7log(l + C2d{x)) < -fC2d{x) 
since u < ip in fig. This ends the proof. 

The comparison principle in j4j aUows also to establish a strict maximum prin- 
ciple: 

Theorem 2 Suppose that F satisfies (H2), b and c are continuous and bounded 
and b satisfies {Hb). Let u be a viscosity non-negative lowersemicontinuous super 
solution of 

F{x, Vm, D^u) + b{x).Vu\yu\°' + c(x)u"+^ < 0. 
Then either u = or u > in fl. 

Remark: Other strong maximum principles and strong minimal principles have 
been established in [2j for a more general class of fully nonlinear operators that are 
"proper" . 

Proof. Using the inequality in (H2), let us recall, using Remark ^ that 

F{x,p,M) > \p\°'{atr{M)+ - Atr{M)-) 
■■= H{p,M). 

Hence it is sufficient to prove the proposition when u is a super solution of 
H{Vu, D^u) + 6(j;).Vu|Vu|" + c{x)u^+'^ = 0. 
H does not depend on x and it satisfies the hypothesis of Theorem ^ 
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Moreover one can assume that c is some negative constant. Indeed, suppose 
that we have proved that for any m > super solution of 

H{Vu, D^u) + 6(x).Vu| Vu|" - \c\oou"+^ < 0, (5) 

we have that m > in fJ. Then if 

F{x, Vu, D^u) + 6(2;).Vu|Vu|" + c{x)u'^+^ < 

for some m > we have that u is a non negative super solution of (jSJ and then 
M > and that would conclude the proof. 

Hence we suppose by contradiction that xq is some point inside O on which 
u{xo) = 0. Following e.g. Vazquez ^7\, one can assume that on the ball |a; — a;i| = 
\x — xo\ = R, xo is the only point on which u is zero and that B{xi, ^) C il. 
Let ui = inf w > 0, by the lower semicontinuity of u. Let us construct a sub 

solution on the annulus < \x — xi \ = p < ^ . 

Let us recall that if — e^^P ^ the eigenvalues of D^(f) are 4>"{p) of multiplicity 

1 and — of multiplicity N-1. 
P 

Then take k such that 

If k is as above, let m be chosen such that 

and define v{x) = m{e~^P —e~^^') with p = The function u is a strict subsolution 
in the annulus, in the sense that it satisfies H{Vv, D'^v)+b{x).Vv\Wv\°' — {cloov"^^ > 
in the annulus. Furthermore 

, R 

V < u on |a; — xi I = — 

V < < u on \x ~ xi \ — — . 

Hence u > v everywhere on the boundary of the annulus. In fact u > v every- 
where in the annulus, since we can use the comparison principle Theorem^ for the 
operator H + 6(a;).V.|V.|" — |c|oo|.|". Then w is a test function for u at xq. Then, 
since w is a super solution and ^v{xq) ^ 0: 

H{\/v{xo),D\ixo)) + b{xo).Vv{x,)\Vv{xoT " \c\^v"^\xo) < 

which clearly contradicts the definition of v. Finally u cannot be zero inside fl. 
This ends the proof. 

Corollary 1 (Hopf) Let v be a viscosity continuous super solution of 

F{x, Vv, D'^v) + b{x).Vv\Vv\°' + c{x)\v\°'v < 0. 

Suppose that v is positive in a neighborhood of Xo G dQ and v{xo) = then there 
exist C > and S > such that 

v{x) > C\x — Xo\ 

for \x — Xo\ < S. 



12 



To prove this corollary just proceed as in the proof of Theorem |21 and remark 
that e-^P - e-^^ > C{R - p). 

In fact, one can get a better estimate about supersolutions near the boundary 
i.e. some sort of limited expansion at the order two. We still denote by d{x) the 
distance to the boundary of Vl and, for d > 0, fid = {x G fi, d{x) < d}. 

Proposition 2 Suppose that v is a lowersemicontinuous supersolution of 

F{x, Vw, D^v) + 6.Vt)| Vw|" + c\v\°'v < 

in fldi, for some di > 0, and v is > on the boundary, v > 0. Then there exists 
d2 < di, d2 > and some constants 7, C > such that on il^a 

v{x) > 7(d(x) + log(l + Cd{xf)) > jid{x) + 

Proof. We start by proving the following 

Claim: For some constant C > large enough, there exists a neighborhood 
of dil such that 

^{x) = d(x) + log(l + Cd^{x)) 

satisfies 

F{x, Vip, D^a) + b.Vip\yip\°' + c\ip\'^ip > m > 
for some constant m > 0. 

Let do be such that in Qda '■— {x Cz : d{x) < do} the distance is smooth and 
there exists Ci such that \D'^d\oa < Ci as seen in Remark |2 Note that this implies 
that tr(D^d)+ +tr{D^d)- < CiN. 

Let C > (f + ^)NCi + 25 "'17^^+';'°° and d < i, do)- 

In fldo 

\lp\ < d + Cd"^ < - + - < I 
We compute the two first derivatives of (p : 

and then 

1 < |V<y9| < 2 

n2,. n^wn ^ 2Cd 2C(Vd0Vd)(l-Cd^) 

In particular 

(i,V)-<(D=o,)-(l + ^). 



and 



These imply that 

triD^ifi)" < 2CiN 
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and 



Hence we obtain 



l+a 



V(^, £>V) + b{x).S/^\Vip\°' + c{x)<p 

> inf(l,2«)(^ - 2ANC,) - \bUVip\'+" - \c\M'^" 

25 

> inf(l,2")^-|6U2i+«-|cU 

> inf(l,2")(^)>0 

This ends the proof of the Claim. 

To conclude the proof of the proposition we choose C and do as in the claim, 
^2 < {di,do) . Since t; > inside {a;, d{x) < di} let 7 be such that 7(^2 + log(l + 
Cd|)) < "^^nrf(J.)=rf2^• Then w > j{d + log{l + Cd'^ j) on the boundary of the " crown 
" {x, < d{x) < ^2} in ^- Since in addition v satisfies 

F{x, Vv, D^v) + h.Vv\Wv\°' + c\v\°'v < 

and if = 7(d + log(l + CdP)) satisfies 

F{x, V(p, DV) + 6.V^| Vy^l" + c\lpY''lp > 0, 

the comparison principle implies that v > ^{d + log(l + Cd^)) in {x,d(x) < ^2}- 
This ends the proof. 

4 Maximum principle for A < A; bounds for A. 

4.1 Maximum principle. 

Wc can now state and prove the following Maximum principle: 

Theorem 3 Let Q be a bounded domain o/]R". Suppose that F satisfies (HI), 
(H2'), (H4), that b and c are continuous and b satisfies (H5). Suppose that r < A 
and that u is a viscosity sub solution of 

G{x,u,Vu,D^u)+t\u\°'u>0 in O 
with u <0 on the boundary of SI, then u <0 infl. 

Remark: Similarly it is possible to prove that if r < A and w is a super solution of 

G{x,v,Vv,D'^v) +t\v\"v <0 in n 
with w > on the boundary of CI then w > in f2. 

Proof. Let A g]t, A[, and let w be a super solution of 

G{x,v,Vv,D'^v)+Xv°'+^ < 0, 
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satisfying w > in SI, which exists by definition of A. 
We assume by contradiction that supM(x) > in O. 
Claim : sup - < +00. 

Near the boundary this holds true since from Proposition ^ and CoroUary ^ 
there exists 5 > such that u{x) < Cd{x) and v{x) > C'd{x) for d{x) < S, for some 
constants C and C". 

In the interior we just use the fact that v > C'5 > in fig ~ {x : d{x) > 6} 
and we can conclude that - is bounded in fl. 

V 

We now define 7' = sup^g^ ^ and w = jv, where < 7 < 7' and 7 is sufficiently 

close to 7' in order that — — ^ > 2|c|oo- Furthermore by definition of the 

" - 1 



(^) 



supremum there exists y G such that sup = = 7'. 
Clearly, by homogeneity, G{x,w,\'w, D'^w) + Aw^+" < 0. 

The supremum of w — w is strictly positive, and it is necessarily achieved on 
X € since on the boundary u — w < 0. One has 

(u — w){x) > (u — w){y) 

and then 

w{x) < u(x) + {w — u)(y) < u{x). 

On the other hand 

(u — w){x) < (7' — j)v{x) 

and then 

- 7 _ 
w(x) > — u(x). 

7' 

As in the comparison principle, we consider, for G N and for some q > 
max(2,f±f): 

j 

■^j{x,y) = u{x) - w{y) - --\x - 

Since sup('u — w) > 0, the supremum of ijjj is achieved in {xj,yj) G 

For j large enough, ipj achieves its positive maximum on some couple (xj,yj) € 
fl^ such that 

1) Xj ^ yj for j large enough, (this uses lemma|21and the definition of 7). 

2) (xj,yj) {x,x) which is a maximum point for u^w and it is an interior 
point 

3) j>, - ^ 0, 

4) there exist Xj and Yj in S such that 
and 

(jkj - V]\''^'^{xj - Vj), ~Yj) e J'^^^wiyj) 

Furthermore 





^ 
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with 

The proof of these facts proceeds similarly to the one given in Theorem ^ 
Condition (H4) implies that 

F{xj, j (xj - ?/j ) I - yj I ^ Xj ) - F{yj , j {xj -yj)\xj ~yj\''~^ , -Yj) < lj (j \xj-yj\''). 

Then, using the above inequality, the properties of the sequence (xj,yj), the 
condition on b -with Ct below being either its Holder constant or 0-, and the ho- 
mogeneity condition (HI), one obtains 

-(r + c{x,))u{x,y+'^ < F{x„j{x, - y,)\x, - y,r\X,) 

- y,\^^-^^'^'+'^^-\x, - y,) 

< F{yj,i{xj - yj)\xj - y^]''^^, -Yj) 

- ) + - 
+6(y,)./+"|:z:,-y,f''-i)(i+"'-i(a;,-y,)+o(l) 

< (-A-c(y,)My,)i+"+o(l). 

By passing to the limit when j goes to infinity, since c is continuous one gets 

-{t + c{x))u{xy+'^ < -{X + cix))w{xy+°' 
If c{x) + A > one obtains that 

-{t + c{x))u{xy+°' < -(A + c{x)) 

This contradicts the hypothesis that , !^ 7+ i > 2|c|oo- 

If c{x) + A = then r < A implies that 

< -(r + c(5))u(5)i+" < 
a contradiction. Finally if c{x) + A < we obtain 

-{t + cix))u{xy+" < -(A + c(x))w(x)i+" < -{X + cix))u{xy+°' 
once more a contradiction since r < A. This ends the proof. 

4.2 Bounds on A 

Proposition 3 Let c{x) = 0. Let F satisfying (HI), (H2). Suppose that Vl is 
bounded in at least one direction, say ei, i.e. there exists R such that £7 C [—R,R]x 
IR^~^, and that bi{x) =< b{x),ei > is bounded. Then there exist some constants 
Ci > 0, 6*2 > which depend on a and N such that 

A > 
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We deal with the particular case of the dimension 1. In that case we shall use 
variational techniques and weak solutions to estimate the first eigenvalue, this being 
justified by the following lemma 

Lemma 3 Suppose that Cl =] — R, R[, R > 0, that a is some continuous function 
such that 

< a < a{x) < A 

in [—R,R], and that b is continuous and bounded. Suppose that g is continuous, 
then the weak solutions (in W^'^~^°'{] — R,R\)) and the viscosity solutions of 

a{x)\u'\"u + b{x)\u'\°'u' = g{x) 

for a; g] — _R, R[ coincide. 

Proof. Suppose first that u € W^'"^^" is a weak solution. 
The previous equation can also be written as 

d , , (Q + l)6(t) fx (a + l)b(t) 

■^ilu'l^u'e^" ^^''') = g{x)e^o ^ttt^* 

a+2 r X b(t) .J 

Then since |u = h € i^+r and e-*" ^ is continuous, the product is a distribu- 
tion T which satisfies "T' is continuous". Then T is C\ hence h{x) = Te~^° 
is . Finally u'{x) = h{x) i+° is on every point where h{x) ^ 0, i.e. on each 
point where u'{x) ^ 0. Finally u is on such point, and then on those points it 
satisfies the equation in the classical sense. 
We now prove that u is a viscosity solution. 

For that aim let ip be such that {u — 'p){x) > = {u — <f){x) for all a; in a 
neighborhood of x. Since u G C^, ^p'{x) = u'{x). If ^'{x) = then there is nothing 
to test, if (p'{x) ^ then u"{x) exists. Moreover ip"{x) < u"{x), and then 

a{x)\ip'\"ip"{x) + b{x)\ip'{x)\"ip'{x) < a{x)\u'\"u"{x) + b{x)\u'{x)\"u'{x) < g{x) 

one sees that u is a super-solution. 

Suppose that ip is some test function by above for u on x, again we are only 
intrested in the case <^'(S) ^ which implies that u' cannot be zero, and ip"{x) > 
u"{x) Then since on those points u is a solution in the classical sense 

a(5;)|^'|>"(S) + h{x)y\'^v'{x) > g{x). 

This implies which implies that u is a sub solution . 

We prove that the viscosity solutions are weak solutions, in the one dimensional 
case. 

Let V he a weak solution of 

a{x)\v'\"v" +b{x)\v'\°'v' = g{x) 

t; = on the boundary. 

Let now u bo a viscosity solution of the same equation. We want to prove that 
u = v. For that aim let e and let be the weak solution of 

a{x)\vXvl+b{x)\vXv', = -e + g{x), 
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= on the boundary, and v'^ be the weak solution of 

o(x)|(w')T(w')" + b{x)\{v'y\''(v'y = € + g{x), 

v*^ = on the boundary. By the previous part and v'^ are viscosity sohitions and 
by the comparison theorem ^ gets 

Moroever by passing to the hmit for weak solutions (for example using variational 
technics) it is easy to prove that and tend to v weakly in W^''^^" and then in 
particular uniformyl on [~R, R\. We obtain that 



This ends the proof. 
Proposition 4 For x e] — R, R[ let 

G{x, u, u , u") :— a{x)\u\°'u" + b{x)\u'\°'u' 

with A > a(x) > a > 0, continuous on [—R, R] and b bounded, then there exist some 
constants Ci > 0, C2 > which depend on a and the bound of b such that 

Proof Let 



J~R a{x) 



Then it is easy to show that 



A > Ai := inf , „ 

«e<'^+"(]-fl,,fl[) 1 J^j^ s+i |u|a+2eB(x)rfa. 

Indeed, the infimum is achieved and u, a function achieving the infimum, is a weak 
solution of 

\u'\"{a{x)u" + b{x)u') = -Ailul^it. 

Due to the previous lemma u is also a viscosity solution. One can assume that 
u > 0, so M > in r2, using strong maximum principle of Vazquez. Hence, by 
definition, A > Ai. 

But one has, for some universal constant C 



which is the desired result. This ends the proof. 
Proof of Proposition 
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Suppose that is contained in [—R, R] x ^, let us define 
where q = + 2, then la^ri"! > qR''^^ and 

Finally, using also u{x) < 3''i?', one gets 

Gix,U,Vu,D^u) < „c92+a^,(a+l)-a-2 < _^^-a-23^9(a+l) ^2+0^1+0 ^ 

and, by definition, 

A > ci?-"~23-<;(a+l)^2+a 

Using the expression of q in function of bi one gets the announced estimate. 

Remark 3 Let us note that in the case b — cte or when there exists some direction 
ei such that b{x).ei = cte and Q is hounded in this direction one has a better 
estimate. 

Indeed, similarly to '5j one can consider 

u{x) — u{xi) — 7R^ — x\ — 3{signbi)Rxi. 

This function is positive on xi £] — R, R], its gradient is never zero. Hence one has, 
for some constant C: 

G{x,u,\/u,D^u) = |3(sign6i)i? + 22;i|"(-2 + 6i(-3i?(signbi) -2xi)) 

< CR°'{~2~3\bi\R + 2\bi_\R) 

< Ci?"(-2- |6i|i?). 

This implies that 

G{x, u, Vu, D^u) < ~C{2 + \bi 

which yields 



which is a more accurate lower bound than in the general case. 

Proposition 5 Suppose that R is the radius of the largest ball contained in and 
suppose that F satisfies assumption (HI) and (H2). 

Furthermore let b and c be bounded functions. Then, there exists some constant 
Ci which depends only on N , a, a and A, such that 



A < Ci 



1 , \b\c 
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Proof. Without loss of generality we can suppose that the largest ball contained 
in Cl is -Bi{(0). Let a be defined as 

with g = g±f , for a; e 5^(0). 

We need to compute the supremum in Bh(0) of 

-F{x, VcT, D^a) - b{x).Va\Va\°' 



Let a{x) = g{r), for r = \x\. Clearly g'{r) = r'^i-'^ — r''~^R'' and 
g"(r) = (2g-l)r2"-2-(g-l)r«-2i?9. 

Furthermore g' < while g" < for r < (^^-rj^ ' R and positive elsewhere. 
Hence by condition (H2) and using the fact that for radial functions the eigenvalues 

of the Hessian arc — with multiplicity N-1 and g" (see [?]) we get 
-for r<(^)'ii 

\Fix,Va,D^a)\<\g'r 

1 

while for r > (^) ' R 



ag"{r)+a{^^)g'ir) 



-F{x,Va,D^a) < -\g' 



ag"{r)+A{^^)g'{r) 



I.e. 



-F{x,W(7,D^a) < |5'|«r«-2(-Bir« +B2i2«) 
where Bi = a{2q - 1) + A{N - 1) and B2 = a{q - 1) + A{N - 1). 



Let Ri be defined as 

Ri = R 



B2 + 



< R 



Bi + \b\^R(i-^)("+^) _ 
then for r > Ri 

-F(a;,VCT,DV) -6(a;).Vo-|Vo-|" < 0. 

Hence the supremum is achieved for r < Ri. On that set one can use an upper 
bound for | — F{x, Va, D'^a) + 6.Vcr|Vcr|"| and a lower bound for a e.g. 

a>^^iR'^-Rlf. 

More precisely for r < Ri and for some constants Ci, C2, C[ C2 depending on 
a,A,N and \b\oo one has: 



ra+l 



_Ra+l 
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Then cr is a subsolution in Bfj{0) of 



with cr = on dBji{Q). Suppose by contradiction that A > -^rpi + i^+i + |c|oo- 
Clearly since Bii{Q) C ^l, \[Bb.(0)) > A > + + |c|oo, and then according 
to the maximum principle, Theorem |31 one should have that cr < in i?fl(0), a 
contradiction. This ends the proof. 



4.3 Comparison theorem for A < A 

Theorem 4 Suppose that F satisfies (HI), (H2'), and (H4), that b and c are con- 
tinuous and bounded and b satisfies {H5). Suppose that t < X, f < 0, f is upper 
semi- continuous and g is lower semi- continuous with f < g. 

Suppose that there exist a upper semi continuous , and v non-negative and lower 
semi continuous , satisfying 

F{x,Vv,D^v) + b{x).yv\Vv\°' + (cix) + Ty+°' < f in n 
F{x,Va,D^a) +b{x).y(T\ya\°' + {c{x) + T)\cr\°'a > g in Q 

a < V on dfl 

Then a < v in Q in each of these two cases: 

1) If V > on n and either f < in ft, or g(x) > on every point x such that 
/(S) = 0, 

2) If V > in il, f < and f < g on Vt 

Proof. We act as in the proof of Theorem 3.6 in W. 

1) We assume first that i; > on fi. Suppose by contradiction that a > v 

somewhere in 51. The supremum of the function — on dVl is less than 1 since a < v 

y . . . 

on 951 and w > on dfl, then its supremum is achieved inside fl. Let x be a point 
such that 

We define 

v{y) qv{y) 

For j large enough, this function achieves its maximum which is greater than 1 , on 
some couple [xj, yj) e 51^. It is easy to see that this sequence converges to (x, x), a 
maximum point for ^. 

Since on test functions that have zero gradient the definition of viscosity solutions 
doesn't require to test equation, we need to prove first that Xj, yj can be chosen 
such that Xj ^ yj for j large enough. 

Indeed, if Xj = yj one would have for all a; e 51 

- fNj -a^l' ^ ^ _ <j{xj) 
vixj) - v{Xj)' 



21 



which implies that 

j 

a{x) < (j{xj) H — \xj — x\'' . 

This means that a has a local maximum on the point Xj. We argue as it is done 
in the proof of Theorem ^ : If Xj is not a strict local maximum then Xj can be 
replaced by x'^ close to it and then (x'^ , xj ) is also a maximum point for ipj . 
If the maximum is strict using Lemma |21 one gets that 

{c{x,) + r)a{xj}'+^>g{x,). 

But one also has 

V{x) > v{Xj) - -^\Xj -x\''. 

hence Xj IS cL local minimum for v, and if it is not strict, there exists x'^ which is 
different from Xj such that {x'j,Xj) is also a maximum point for Tpj. 
If the minimum is strict using once more Lemma |21 one would have 

{c{x,)+Ty+-{x,)<f{x,). 

This is a contradiction for j large enough. Indeed, passing to the limit one would 

^""^ (c(x) + T)(a(x)i+" - > g{x) - f{x) > 0. 

Since <7{x) > v{x) this implies that 

c{x) + T > 0. 

Now there are two cases either f{x) < or f{x) = and the above inequality is 
strict. In both cases it contradicts 

(c(x) +t)v(x)1+" < f{x). 
We can take Xj and yj such that xj ^ yj. 

Moreover there exist Xj and Yj such that 
and 

[j\x, - y,r\x, - y,f-^, ^) G J^'-.(y,) 
where Pj — <j(xj) — ^\xj — yj\'^ and 

F{xj,j\xj-yj\''-'^{xj-yj),Xj)~F{yj,j\xj-yj\''-'^{xj-yj),-Yj) < uj{v{yj)j\xj-yj\'J). 

We can use the fact that a and v are respectively sub and super solution to 
obtain: 
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+b{xj).j'+"\xj - - yj) 

+<^iMyj)\xj - ViH} + 

+b{xj).j^+'-\xj - - yj) 



< 



l+a 



l+a 



< (-.-c(y,))/3j+" + -g^/(y,) + o(l). 



Passing to the limit, since c is continuous, we get: 

a{xy 



Either f{x) = and then we have reached a contradiction because, in that case, by 
hypothesis 

g{x) > 0, 

or f{x) < 0, and then we get 



< fix) 



1 



/-\ \ a+l 



_v{x) _ 

This concludes the proof of the first part. 



<f{x)-g{x)<0. 



2) For the second part, let m be such that f — g < —m < 0, and f < Let e 
be given such that by the uniform continuity of the function {x + e)^+" on [0, \v\oo\ 
one has 

|A + cU-|(t^ + e)i+"-t;i+«| < ^. 
Then w — v -\- e \^ supersolution of 

711 TT) 

F{x,Ww,D'^w) + {\+c)w^+'^ < /+— <g-—<g< Vct, £)V) + (A+c)|a|«CT. 

We are now in a position to use the first part of the theorem, since 

w = V + e > Q and u <v <v + e on dO.. 

and then u < v + e m Q,. Letting e go to zero we get the required conclusion. This 
ends the proof. 
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5 Regularity results 

In this section we shall prove that the viscosity solutions are Holder continuous. 
Since the Holder estimates depend only on the bounds of / and the structural 
constants, this Holder continuity will allow us to have a compactness criteria that 
will be useful in the next section. Let us note that we state all the results with 
c = 0. Indeed, one can consider c{x)\u\°'u in the right hand side since it is bounded, 
and get the same regularity results. 

Proposition 6 Suppose that F satisfies (HI), (H2), (H3). Let f he a hounded 
function in fj. Let u he a viscosity non-negative hounded solution of 

F{x,\/u,D^u) + b{x).Vu\Vu\°' ^ f in ft , , 

u = on an. 

Then ifb is hounded, for any 7 £ (0, 1) there exists some constant C which depends 
only on \f\oc o,nd \b\oo such that for any {x,y) G Cl^ 

\u{x)-u{y)\<C\x-y\\ 
An immediate consequence of the above Proposition is the 

Corollary 2 Suppose that F satisfies (HI), (H2) and (H3). Suppose that fn is a 
sequence of continuous and uniformly hounded functions, and Un is a sequence of 
hounded viscosity solutions of 

F{x,VUn,D\n)+b{x).yUn\VUn\°' = fn{x) 

with b hounded, u„ = on dQ. Then the sequence u„ is relatively compact in C{Q). 

Proof. The proof relies on ideas used to prove Holder and Lipschitz estimates in 
|17| . as it is done in 5 . 

We use Proposition n in section 3 which implies in particular that there exists 
Mo such that 

u{x) < MQd{x)'< (7) 

for dix) := d{x, dil) < d. 

We now prove Holder's regularity inside Q. 

We construct a function $ as follows: Let Mo and 7 be as in (Tjl, M = 
sup(Mo, and = M\xp. We also define 

As = {{x,y)en'', \x-y\<6}. 

Claim For any {x, y) € 

u*{x)~u.{y)<<^{x-y). (8) 

If the Claim holds this completes the proof, indeed taking x — y we would get 
that u* — Ui, and then u is continuous. Therefore, going back to ||SJ), 

u{x) - u{y) < ^^P^lx - yp. 
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for (x, y) £ As which is equivalent to the local Holder continuity. 

Let us check that (0 holds on dAg. On that set: 

- either |a:: — ?/| ^ S and then u*{x) — u*(y) < MS"^ since AIS'' > 2supM, 

-or {x,y) G d{Q x Q). In that case, for {x,y) G x dQ) we have just proved 

that 

u*{x) < Mod{x)'' < M\y - x\'< , 

while for {x,y) G dil x fl 

0-u4y)<0<Mo\y-xp. 

Now we consider interior points. Suppose by contradiction that u*{x) — > 
^{x — y) for some {x, y) £ Ag. Then there exists {x, y) such that 

u*{x) - u^{y) - - y) = sup(u*(a;) - u^{y) - ^{x - y)) > 0. 

Clearly x ^ y. Then using Ishii's Lemma ^^Ij there exist X and Y such that 

{^M{x-y)\i-vV'\X) e J^'+u*{x) 

[jMix - y)\x - yp-^, ^Y) e J^-u^y) 



X Q \ ^ f B -B 



with 

( Y j - \ -B B 

and B = D'^^{x - y). 

We need a more precise estimate, as in JJj. For that aim let : 

Q < p _ {x-y®x-y) ^ ^ 

Using —{X + Y) > and (/ — P) > and the properties of the symmetric 
matrices one has 

tr{X + Y) < tr{P{X + Y)). 

Remarking in addition that X + Y < 4B, one sees that tr{X + Y) < tr{P{X + Y)) < 
Ur{PB). But tr{PB) = 7Af(7 - l)\x - y['-'^ < 0, hence 

\tr{X + Y)\>A'jM{l-j)\x-y\^-'^. (9) 

Furthermore by Lemma IILl of ^21 there exists a universal constant C such 
that 

\X\,\Y\<Ci\tr{X + Y)\ + \B\^tr{X + Y)\^) <C\triX + Y)l 

since \B\ and \tr{X + Y)\ arc of the same order. Now we can use the fact that 
u is both a sub and a super solution of ©, and applying condition (H2), (H3) 
concerning F : 
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fix) ~ (7M)i+«6(x).(x-y)|x-y|(''-i)("+i)-i 

< F{x,V^x-y),X) 

< Fiy, V$(S - y),X) + ui\x - y|)|V$(x - y)r\X\ 

< a\V<^{x - yTtr{X + Y) + F{y, Vy^y),tr{~Y)) 
+Cui\x-y\)\V^x-y)nX\ 

< fiy) + a|V$(i - y)nriX + Y) + {-fM)'+"\bUx - 

+Cj{\x - m^H^ - vTMx + Y)\. 

Which imphes, using 

\V^x-y)r^Mil-j)\x-yr' (^a - C^{\x - y\) - 2 - < f{y)-f{x). 

We choose S small enough in order that CCj{S) + 2 (fi"^) S < |. Recalling that 
|V$(x — y)\ = jM\x — yl'''"^ the previous inequality becomes: 

«M"+i7i+"(l - 7)|S - < 2|/|^. (10) 

Using M > and |a; — j/| < 5 one obtains 

a(2supu)i+V+"(l - 7)'^"^"+'^ < 4|/|oo. 

This is clearly false for 6 small enough and it concludes the proof. This ends the 
proof. 

For completeness sake we shall now prove some Lipschitz regularity of the so- 
lution. To get Lipschitz regularity we need a further assumption as it was done in 
IS]. Let us remark that Lipschitz regularity is not necessary to prove the existence 
results, hence this further assumption will be used only in the present part of the 
paper. 

(H7) r/iere exists v > and k g]1/2, 1] such that for all \p\ ~ 1 , \q\ < ^, B S 
\Fix,p + q,B)-F{x,p,B)\<i^\qnB\ 
which implies by homogeneity that for all p=^0,\q\<^,BiES 
\Fix,p + q,B)~Fix,p,B)\<iy\qnpr-^\B\ 
One has, then, the following regularity result: 

Theorem 5 If F satisfies (H1),(H2), (H3) and (H7) and if b is bounded, then the 
bounded solutions of 

F{x,\7u,D'^u) + b{x).Vu\Vu\" ^ f in Q 
u — on dfl 

are Lipschitz continuous inside O. 
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Proof of Theorem\^ The proof proceeds similarly to the proof given by Ishii and 
Lions in |17| and as it is required in that paper, we use the fact that we already 
know that u is Holder continuous, together with the additional assumption (H7) . 

To simplify the calculation but, without loss of generality we shall suppose that 
in hypothesis (H2) a — A = 1. Let 7 be in J^^, 1[ and c-y such that by the Holder's 
continuity proved before 

\u{x) - u{y)\ < c^\x - yp. 

Let fi be an increasing function such that /i(0) = 0, and /i(r) > r, let l(r) — 
Jq ds Jq ^^^^da, let us note that since /i > 0, for r > 0: 

l{r) < rl'{r) 

Let ro be such that Z'(ro) = \. Let also (5 > be given, K = and z be such 
that diz, dft) > 25. 

We define ip{x, y) — <^{x — y)+ L\x — z\^ where — A/(i^|a;| — l{K\x\)), and 
= {(a;, y) e X R^, |a; - y| < <5, |a; - z| < 5). 

We shall now choose all the constants above. 

- fc is such that k = 1 

- M and L are such that M — ^ ™p " and L = c^S'^~'', using the Holder continuity 
of u, one has 

u{x) - u{y) < ip{x,y) 

on dAz. Indeed, the assumption on tq implies that $(a;) > MK^ for |a;| < ro and 
then if ja; — y| = S, 

Afro MK6 

u{x)-u[y) < 2supu<^— < — - — 

while if |a; — z| = 5 

u{x) — u{y) < Cj\x ~ y]"^ < c^S"^ — L\x — z]'^ < (p{x, y). 
Suppose by contradiction that for some point one has 

u{x) - u{y) > ip{x,y). 

Clearly x ^ y. Note that 

L\x-z\^ <c|x-yp. 
Proceeding as in the previous proof, there exist X, Y such that 

{MK{x - y)\x - y\-\l - l'{K\x - y\)) + kL\x - z\^-^{x - z),X) e J^^+u{x), 
and 

(Mif ^^(1 - l'{K\x - j/D), -Y) e .P^-u{y), 

\x - y\ 
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where the matrices X and Y satisfy 



X \ /B + L 

Y - \ -B B I ^ ' 



with B = - y) and 

{x — Z (E) X ^ z] 



L = kL\x - z\''-^ yi+{k~2) 

Let us note that similarly to the Holder case, 1111) implies that X + Y — L < AB 
and then 

tr{X + Y -L)< Atr{PB) 

with 

p ^ {{x - y) ®{x- y)) 



\x - 



This gives: 



M K U,(K \x - y\)) „ o 

tr(X + Y - L) < ,1 -I < -MK^. 

\x-y\ 



Let us note that 

VM^) = MK(1 - l'(K\x - ~ ^, + fcLlS - z\''-^(x - z) 

\x - y\ 

and 

L\x - z\^-^ = 0{5'<~''5''-^) ^ OiK^""). 
From this we get in particular that for (5 > small enough (or K large enough) 

MK 

2MK>{\VMx,y)l\Vyv{x,y)\) > 

Finally observe that \L\ < k{k - l)L\x - z\''-^ < (C'(5T-'=)i((5)''('=-2)/fe ^0(57-2) ^ 
0{K'^~^), from which we derive that for K large enough tr{X + Y)<Q and 

\tr{X + Y)\ > C{K^) 

for some > universal constant C, and \L\ < \tr{X + Y)\ for K large enough. 

In the following we shall need a bound from above for In order to make 
the reading easier the constants C or c will be constants which depend only on the 
data, and they may vary from one line to another. Remark that the lemma III.l in 
|17| ensures the existence of some universal constant such that 

\X -L\ + \Y\ < C (\B\^\tr{X + Y - L)\^ + \tr{X + Y - L) 

with B = D^ip^ and with the considerations on L with respect to \tr{X + Y)\ one 
also has 

|X| + |y| <C (\B\^\tr{X + Y)\^ + \tr{X + Y)\' 
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Let us note that 

D\ < ——, 
\x-y\ 

and then with the assumptions on fj,, \tr{X + Y)\ > C > K\tr{X + Y)\i from which 
one derives that 

\X\<MX + Y)\il+ } )■ 

We need to prove that 

\S/Mx,yT-''{L\x - z\''-^r\X\ = o{\tr{X + F)||V^r). 
For that aim we write 

\VMx,yT~'"{L\x- z\'''^r\X\ < cii'"-^ 

< cK--^\x-y\^MX + Y)\{l + —r-^ ^) 

A 2 |a; — t/| 2 

< c\tr{X + Y)\{K°''^-^) 

= c\tr{X + Y)\K"K-^''-^ = o{\tr{X + Y)\Vip\°') 
We now obtain using assumption (H2) and (H3 ) concerning F 

f{x)-b{x).VMVM" < F{x,VM^,y),X) + \b\^0{K'+") 

< F{y,Vyip{x,y),X) + u\L\x - z\''-^\^\V 
+ |5U0(ifi+") 

< F{y, Wy^{x,y), -Y) + \V<l>r\tr{X + Y)\ 
+b{y).Wy^\W,M" + OiK-'^-ilVipntriX + Y) 
+ \V<P\''tr{X + Y) + 2l6UO(i^'+") 

< f{y) + 0{K^+''-^^) - C7(i^«+2) + \b\^0{K^+'') 

Prom this one gets a contradiction for K large. We have proved that for all x such 
that d{x, dfl) > 26 and for y such that \x — y\ < 6 



u{x) - u{y) < 



2 sup u\ / \ x — y\ 



ro 



Recovering the compact set by a finite number of sets fli, f2, C fij+i such that 
d{d^i,d^li+i) < 26, the local Lipschitz continuity is proved. 

6 Existence's results 

We now prove the existence of non negative solutions of 

G(x, u, Vu, D'^u) + Xu^+" = -f inn 
u = on dfl 

where / is a given positive function. The steps are the following : 

Step 1: Exhibit a sub and a super solution of the equation when the coefficient 
of the zero order is non positive and / is constant. 
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Step 2: Under the same conditions on the zero order term, use Perron's method 
to solve the equation for any negative function — /. 

Step 3: From the previous steps we construct a solution of the above Dirichlet 
problem when A < A without conditions on the sign of c{x). 

Step 4: This will also allow to prove the existence of the associated eigenvalue. 

The first step is obtained by remarking that is a sub solution and establishing 
the following 

Proposition 7 Suppose that F satisfies (HI) and (H2), b and c are bounded; fur- 
thermore let c be non-positive in fl. Then there exists a function u which is a 
nonnegative viscosity super solution of 

( F{x,S/u,D^u) + b{x)\\/u\'^\/u + c{x)u^+'^ <-l in Q 
|_ u = on dfl 

Proof. Let d be the distance function to dH., which is well defined in H. and satisfies 
the properties stated in Remark |21 Let K > diamn,. Then d < K. Let 7 s]0, 1[ 
and let A: be a large enough constant to be chosen later. Let u be defined as 

u(x) = 1 — -r—^ — rr. 

^ ' (1 + (i(a;)T)'= 

Clearly u = on the boundary. 

Suppose that ■0 is a function such that {u — > (m — = 0, for all x 

in a small neighbourhood of x. Then 7^ and then the function (f) defined 

as 

ij{.) = l ^ 



is a function in a neighbourhood of x, such that 

{d-(j)){x) > {d~(j)){x) = 0. 

This implies that J^'^d{x) ^ 0. According to some of the properties of d recalled in 
the introduction, on such a point d is differentiable and then V0(x) = \Id{x) has 
modulus 1. 
One has 

and 

= (/7dV'+" [(7 - 1 - (^7 + i)<r)V4> ® V0 + d{i + d^)D^^] . 

We need to prove that one can choose k large enough in order that 

F{x, VtA, D'^i)) + 6(a;).VV'| VV'I" + c(x)V^"+i < -1. 

We use Remark |5] on the distance function and the following inequalities on 
symmetric matrices 

ify>0 then {X-Y)+<X+ and {X-Y)->X--Y. 
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Using these with X = D'^cj) and Y = Dcp (g) Dcp, and condition (H2) we obtain 

F{x,\/i;,D'^i;) < 
"Tw^I^hI;."" [«(7 - 1 - d-'ik^ + 1)) + {A + a)C,Nd{l + d^)] 

,-y(a + l)_2 — a 

The function (;^^^^-)fc(o+i)+a+2 is decreasing hence it is greater than 

jy-j{a+l)-2-a 



(1 + iV'7)fe(a+l)+a+2 



We shall use this later. 
Now we write 



j(7-l)(l+a) 



(1 + 

jLQ + 1 1+a J7(a+l)-2-a 

We have obtained that there exists a constant C = C{A, a, \b\oo, N) such that 
F{x, VV-, D^V') + &(a;). VV'I VV-r + c(a;)V'^+" < 

jLQ + l^l+a J7(a+l)-2-a 

(1 + - 1 - d-'ikj + 1)) + Cd{l + rf-)] . 

Clearly since 7 < 1 we can choose k largo enough in order that 

laij -l-dUkj+ 1)) + Cd{l + d'')] < ^-^^i^^ < 0. 

Then 

which gives the result. This ends the proof. 

Remark 4 Clearly ifu is the super solution constructed in the previous Proposition 

then for any M > and any < Co < the function U2{x) = M^+^u{x) + 

Co is a super solution of: 

( F{x, Vu2, D'^U2) + 6(a;).Vu2|Vu2|"+^ + c(a;)u^+" < -M in 
\ U2 = Co on dO,. 

Wc arc now in a position to solve step 2: 

Theorem 6 Suppose that F satisfies (HI) and (H2), that b and c are continuous 
with c < 0. 

1. If f is continuous, bounded and f <0 onCl, then there exists u a nonnegative 
viscosity solution of 

F{x, Vu, D'^u) + 6(a;).Vu| Vu|"+i + c{x)u^+'^ = f in O 
u = on dfl. 



31 



2. For any bounded continuous function f < —M < for some positive constant 
M and any < Co < ^ there exists u a non negative solution of 

f F{x,\Iu,D^u) + h{x).\Iu\\Iu\'^+^ +c{x)u^+'^ ^ f inVL .^^ 
\ u — Co on d^. 

Remark h In a forthcoming paper, we prove existence's results with general 
data. 

Proof. 

Let U2 be the viscosity super solution given in Proposition[71 (see Remark 0}, of 

G{x,U2,VU2,D'^U2) < -|/|oo, 

U2 = on dil. 

We use Perron's method, see Ishii's paper jJS]. We define 

= {u > 0, < u < U2, u is a subsolution}. 

Let v(x) — sup,jg^ u(x). We prove that v is both a sub and a super solution. 

We use the same process as in to prove that v* is a sub solution. 

We now prove that Vi, is a super solution. If not, there would exist a; G 51, r > 
and (f e C^{B{x,r), with \7(p{x) ^ 0, satisfying 

= (w* - ip){x) < (Vi, - (p){x) 

on B{x,r), such that 

G{x,vix),Vy,ix),D^y,ix)) > fix). 

We prove that <p(a;) < V2{x). If not one would have ip{x) — = V2{x) 

{v2 - ip){x) > [Vi, " ip){x) > (v-^ - ip){x) = {v2 - ip)ix) = 0, 

hence since V2 is a super solution and ip is a test function for V2 on x, 

G{x,p{x),Vp{x),D^^[x))<f{x), 

a contradiction. Then Lp{x) < V2{x). We construct now a sub solution which is 
greater than and less than V2. 
Let £ > be such that 

G{x, ^(x), V^ix), D^^(x)) > fix) + e, 

and let 5 be such that for |a; — a;| < S: 

|G(x, ^{x),Vip{x), D^^ix)) - G(x, ifix), \/^{x), D^^{x))\ 
+ \fix)-fix)\<'-. 

Then 

G{x,^ix),Vcp{x),D^cpix)) > fix) + |. 
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One can assume that 

We take r < 5'^ and such that < r < inf |2._j|<5(w2(x) — '^{x)), and define 

w — svi\){if{x) + r, -y^,) 

w is LSC as it is the supremum of two LSC functions. 

One has 'w{x) = ^{x) + r, and w = Vi, for r < \x — x\ < 5. 

w is a sub solution, since when w — + r one can use (/s + r as a test function, 
and using the continuity of c, 

G{x,^{x),Vp[x),D^^[x))>f+^-. 

Elsewhere w = Vi,, hence it is a sub solution. Moreover w > Vi,, w ^ v^, and w < g. 
This contradicts the fact that t^^ is the supremum of the sub solutions. Using Holder 
regularity we get that is Holder. 

For the proof of the second statement, it is enough to remark that u = Co is 
a sub solution of (|13|l and then proceed as above with U2 the solution, given in 
Proposition [3 (see Remark ^J, of 

G(X,M2, VU2,£'^U2) < -|/|oo, 

U2 = Co on dQ. This ends the proof. 

We now prove an existence result for A < A i.e. step 3. 

Theorem 7 Suppose that F ,b and c satisfy the assumptions in Theorem Q and 
that A < A, 

1. Suppose that / < 0, continuous and bounded, then there exists a nonnegative 
solution of 

F{x, Vu, D'^u) + b{x).Vu\Vu\°' + {c{x) + X)u'^+°' = f inQ 
u = on dil 



2. For any bounded and continuous function f < —M < and any < Co < 
there exists u a non negative solution of 



M 

|c|oc 



F{x,Vu,D^u) + b{x).Vu\Vu\"+^ + {c{x) + X)u^+'^ ^ f in Q , , 
u — Co on dQ. 

Proof. We define a sequence by induction with mi = and Un+i as the solution of 



F(x,Vu„+i,D2-u„+i) + 6(x).Vu„+i|Vu„+i|" + (c(x) - \c\oc)ul+1 = 

= / - (A + |c|ooX+" in 

Un+i =0 on dfl. 

which exists by the previous theorem. 
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The sequence is positive and m„ is increasing, indeed we can use the comparison 
Theorem^with the right hand side equal to /— (A+ |c|oo)ure^" < and the function 
c(0) = (— c+ |c|oo)0^^", which is nonnegative and increasing with respect to (j). We 
need to prove that the sequence is bounded : suppose that it is not, then dividing 
by and defining Wn = | , one gets that Wn satisfies 



F{x,VWn+l,D^Wn+l) + b{x).VWn+l\yWn+l\" + icix)+X-\c+X\oo)wl,Xl^ 

_ J I \ _L I 

~ I |1 + Q l'^ + C|oo I |1 + Q- 

\Un+l\oc Pn+l|oo 

Since the sequence is increasing the right hand side is bounded and it is greater 
than 1 -^,1 1 „ — (|A + c|oo)wii?. Then w„ converges to w while t — ^ — converges 

to kw for k = lim , < f . 

One gets, by passing to the limit and using the compactness result, that the 
limit function w satisfies 

F{x, w, Vw, D^w) + b{x).Vw\\7w\" + (A + c)w^+" >{l-k)\c + A|ooW^+" > 

with If > 0, |z«|oo = 1 and w = on the boundary. This contradicts the maximum 
principle (Theorem 

We have obtained that the sequence u„ is bounded. Letting n go to infinity, 
and using the compactness result (Corollary I^J, the sequence being in addition 
monotone, it converges in its whole to u which is a solution. 

The solution is unique if / < —m < onQ. Indeed suppose that u and v are two 
solutions then v{l + e) is a solution with /(I + e)^+" in the right hand side. Since 
it is strictly less than / one gets by the comparison principle 21 that v{l + e) > u 
and since e is arbitrary v >u. One can of course exchange u and v and obtain that 
u — V This ends the proof. 



6.1 Existence result for A = A 

We have reached the final step: 

Theorem 8 Let F, b and c as in Theorem^ Then, there exists > m f2 such 
that (j) is a viscosity solution of 

( F{x,V(l),D^(l)) + b{x).V(j)\V(l>\°' + {c{x) + X)(p^+°' =0 inn 
\ = on dn. 

Moreover (j) is ^-Holder continuous for all 7 g]0, 1[. 

Proof. Let A„ be an increasing sequence which converges to A. Let m„ be a 
nonnegative viscosity solution of 

r F{x,Vun,D'^Un)+b{x).Vun\Vuy,\°' + {c{x)+\n)u]+°' = -1 \n VL 
1 w„ = on dVl. 
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By Theorem El the sequence m„ is weU defined. We shall prove that (it„) is not 
bounded. Indeed suppose by contradiction that it is. Then by the Holder's estimate 
and the compactness result ( Corollary I^J, one would have that a subsequence, still 
denoted it„, tends uniformly to a nonnegative continuous function u which would 
be a viscosity solution of 

F{x, Vu, D'^u) + 6(a;).Vu| Vu|" + (c(x) + A)ui+" = -1 in 
u = on do,. 

But then u > in and bounded and one can choose e small enough that 

F{x, Vm, D'^u) + b{x).Vu\Vu\" + {c{x) + A + e)v}-+'^ < -1 + eu^+" < 

and this contradicts the definition of A. 

We have obtained that |Mn|oo ^ +oo. Then defining Wn — | one has 

G{x, Wn,yWn, D^Wn) + Kwl+" = \u~\^+- ^ 

Wn = on dfl. 

and then extracting as previously a subsequence which converges uniformly, one 
gets that there exists w, |i(;|oo = 1 aud 

G{x,w,Ww,D^w) + Xw^+°' ^0 infl 
w = on 9n. 

The boundary condition is given by the uniform convergence. Clearly w is Holder 
continuous, and if F satisfies the assumption (H7), then it is also locally Lipschitz 
continuous. This ends the proof. 

Remark 6 We have obtained that A is also the supremum of the set 

{A, 30 > on Q, G{x, 4>, Vi/), -D^0) + A0^^" < m the viscosity sense}. 

Indeed, for A < A there exists v which is zero on the boundary, such that 

G{x,v,Dv,D^) + Xv^+°' = -1. 

Then using a continuity argument, one gets that for e small enough w = v + e is a 
supersolution of 

G{x, w, Dw, D'^w) + Au;i+" < -1/2. 
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